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Abstract Recently, [arXiv:0810.3134] is accepted and published. We present
ultimate version of no-hidden-variables theorem. We derive a proposition
concerning the quantum theory under the existence of the Bloch sphere in a
single spin-1/2 system. The existence of a single classical probability space
for measurement outcome within the formalism of von Neumann’s projective
measurement does not coexist with the proposition concerning the quantum
theory. We have to give up the existence of such a classical probability space
for measurement outcome in the two-dimensional Hilbert space formalism of
the quantum theory. The quantum theory does not accept a hidden-variable
interpretation in the two-dimensional space.
Keywords The quantum theory · Hidden-variable theory
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1 Introduction
Recently, [1] is accepted and published. As a famous physical theory, the
quantum theory (cf. [2,3,4,5,6]) gives accurate and at times remarkably ac-
curate numerical predictions. Much experimental data has fit to the quantum
predictions for long time.
On the other hand, from the incompleteness argument of Einstein, Podol-
sky, and Rosen (EPR) [7], a hidden-variable interpretation of the quantum
theory has been an attractive topic of research [3,4]. There are two main ap-
proaches to study the hidden-variable interpretation of the quantum theory.
One is the Bell-EPR theorem [8]. This theorem says that the quantum predic-
tions violate the inequality following from the EPR-locality condition in the
Hilbert space formalism of the quantum theory. The EPR-locality condition
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2tells that a result of measurement pertaining to one system is independent of
any measurement performed simultaneously at a distance on another system.
The other is the no-hidden-variables theorem of Kochen and Specker (KS
theorem) [9]. The original KS theorem says the non-existence of a real-valued
function which is multiplicative and linear on commuting operators. The
quantum theory does not accept the KS type of hidden-variable theory. The
proof of the original KS theorem relies on intricate geometric argument.
Greenberger, Horne, and Zeilinger discover [10,11] the so-called GHZ theorem
for four-partite GHZ state. And, the KS theorem becomes very simple form
(see also Refs. [12,13,14,15,16]).
Mermin considers the Bell-EPR theorem in a multipartite state. He de-
rives multipartite Bell inequality [17]. The quantum predictions by n-partite
GHZ state violate the Bell-Mermin inequality by an amount that grows ex-
ponentially with n. And, several multipartite Bell inequalities are reported
[18,19,20,21,22,23,24,25,26]. They also say that the quantum predictions
violate local hidden-variable theories by an amount that grows exponentially
with n.
As for the KS theorem, it is begun to research the validity of the KS the-
orem by using inequalities (see Refs. [27,28,29,30]). To find such inequalities
to test the validity of the KS theorem is particularly useful for experimental
investigation [31]. The KS theorem is related to the algebraic structure of
a set of quantum operators. The KS theorem is independent of a quantum
state under study. Nagata derives an inequality [30] as tests for the validity
of the KS theorem. The quantum predictions violate the Nagata inequality
when the system is in an uncorrelated state. The uncorrelated state is defined
in Ref. [32]. The quantum predictions by n-partite uncorrelated state violate
the Nagata inequality by an amount that grows exponentially with n.
Leggett-type nonlocal hidden-variable theory [33] is experimentally in-
vestigated [34,35,36]. The experiments report that the quantum theory does
not accept Leggett-type nonlocal hidden-variable theory. These experiments
are done in the four-dimensional space (two parties) in order to study nonlo-
cality of hidden-variable theories. We ask: Can the quantum theory accept a
hidden-variable interpretation in the two-dimensional space (only one party)?
The answer is “No” whereas Kochen and Specker explicitly constructed [9]
such a hidden-variable interpretation in the two-dimensional space formalism
of the quantum theory.
Here we aim to show alternative and ultimate version of no-hidden-
variables theorem. A pure spin-1/2 state (a quantum state with the two-
dimensional space) constructs our theorem. Our theorem says that a hidden-
variable interpretation of the quantum theory from the two-dimensional Hilbert
space formalism of the quantum theory is impossible. The quantum the-
ory does not accept a hidden-variable interpretation in the two-dimensional
space.
In what follows, we derive a proposition concerning the quantum theory
under the existence of the Bloch sphere in a spin-1/2 system. The existence
of a classical probability space for measurement outcome within the formal-
ism of von Neumann’s projective measurement does not coexist with the
proposition concerning the quantum theory under the existence of the Bloch
3sphere. We consider a single classical probability space. A single classical
probability space is enough to investigate a hidden-variable interpretation
of the quantum theory. We can consider the direct product of many spaces
(Ω1 ×Ω2 ×Ω3 × · · ·) as a single space.
2 Notation and preparations
Throughout this paper, we assume von Neumann’s projective measurement.
Throughout this paper, we confine ourselves to the two-dimensional space.
Let R denote the reals where ±∞ 6∈ R. We assume that every eigenvalue in
this paper lies in R. We assume that every Hermitian operator is associated
with a unique observable (see Ref. [4]). We do not need to distinguish between
them in this paper.
We investigate if a hidden-variable interpretation of the two-dimensional
Hilbert space formalism of the quantum theory is possible. LetO be the space
of Hermitian operators described in the two-dimensional Hilbert space. Let
T be the space of density operators described in the Hilbert space. Namely,
T = {ψ|ψ ∈ O∧ψ ≥ 0∧Tr[ψ] = 1}. We define the notation θ which represents
one result of quantum measurements. Suppose that the measurement of a
Hermitian operator A for a system in the state ψ yields a value θ(A) ∈ R.
We consider the following propositions. We define χ∆(x), (x ∈ R) as the
characteristic function. We define ∆ as any subset of the reals R.
Proposition: BSF (the Born statistical formula),
Prob(∆)ψ
θ(A) = Tr[ψχ∆(A)]. (1)
The symbol (∆)ψ
θ(A) denotes the following proposition: θ(A) lies in ∆ if the
system is in the state ψ. The symbol “Prob” denotes the probability that the
proposition (∆)ψ
θ(A) holds.
We consider a classical probability space (Ω,Σ, µψ). Ω is a nonempty
space. Σ is a σ-algebra of subsets of Ω. µψ is a σ-additive normalized measure
on Σ such that µψ(Ω) = 1. The subscript ψ means that the probability
measure is determined uniquely when the quantum state ψ is specified.
We introduce measurable functions (classical random variables) onto Ω
(f : Ω 7→ R). The measurable function is written as fA(ω) for an operator
A ∈ O. Here ω ∈ Ω is a hidden variable.
Proposition: HV (a hidden-variable interpretation of the quantum the-
ory).
The measurable function fA(ω) exists for every Hermitian operator A in
O.
Proposition: D (the probability distribution rule),
µψ(f
−1
A (∆)) = Prob(∆)
ψ
θ(A). (2)
The possible value of fA(ω) takes eigenvalues of A almost everywhere
with respect to µψ in Ω if we assign the truth value “1” for Proposition BSF,
Proposition HV, and Proposition D, simultaneously. We have the following
Lemma.
4Lemma: Let SA stand for the eigenvalues of the Hermitian operator A.
For every quantum state described in a Hilbert space,
BSF ∧ HV ∧D⇒ fA(ω) ∈ SA, (µψ − a.e.). (3)
We review the following:
Lemma:[30] Let SA stand for the eigenvalues of the Hermitian operator
A. If
Tr[ψA] :=
∑
y∈SA
Prob({y})ψ
θ(A)y,
Eψ(A) :=
∫
ω∈Ω
µψ(dω)fA(ω),
then
BSF ∧ HV ∧D⇒ Tr[ψA] = Eψ(A). (4)
Proof: Note
ω ∈ f−1A ({y})⇔ fA(ω) ∈ {y} ⇔ y = fA(ω),∫
ω∈f−1
A
({y})
µψ(dω)
µψ(f
−1
A ({y}))
= 1,
y 6= y′ ⇒ f−1A ({y}) ∩ f
−1
A ({y
′}) = φ. (5)
Hence we have
Tr[ψA] =
∑
y∈SA
Prob({y})ψ
θ(A)y =
∑
y∈R
Prob({y})ψ
θ(A)y
=
∑
y∈R
µψ(f
−1
A ({y}))y
=
∑
y∈R
µψ(f
−1
A ({y}))y ×
∫
ω∈f−1
A
({y})
µψ(dω)
µψ(f
−1
A ({y}))
=
∑
y∈R
∫
ω∈f−1
A
({y})
µψ(f
−1
A ({y}))×
µψ(dω)
µψ(f
−1
A ({y}))
fA(ω)
=
∫
ω∈Ω
µψ(dω)fA(ω) = Eψ(A). (6)
QED.
The probability measure µψ is chosen such that the following equation is
valid if we assign the truth value “1” for Proposition BSF, Proposition HV,
and Proposition D, simultaneously:
Tr[ψA] =
∫
ω∈Ω
µψ(dω)fA(ω) (7)
for every Hermitian operator A in O.
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We discuss main result of this paper. Assume a pure spin-1/2 state ψ in
the two-dimensional space. Let σ be (σx, σy, σz). σ is the vector of Pauli
operator. The measurements (observables) on a pure spin-1/2 state of n · σ
are parameterized by a unit vector n in R3 (its direction along which the
spin component is measured). Here, · is the scalar product in R3. We define
three vectors in R3 as x(1) := x, x(2) := y, and x(3) := z. They are the
Cartesian axes relative to which spherical angles are measured. We write the
unit vectors in a spherical coordinate system defined by x(1), x(2), and x(3)
in the following way:
n := sin θ cosφx(1) + sin θ sinφx(2) + cos θx(3). (8)
We define a quantum expectation value EQM as
EQM := Tr[ψn · σ]. (9)
We derive a necessary condition for the quantum expectation value for the
system in a pure spin-1/2 state ψ given in (9). We derive the possible values
of the scalar product
∫
Ω (EQM × EQM) =: ‖EQM‖
2. EQM is the quantum
expectation value given in (9). We use decomposition (8). We introduce the
usual measure
∫
Ω = sin θdθdφ. We introduce simplified notations as
Ti = Tr[ψx
(i) · σ] (10)
and
(c1, c2, c3) = (sin θ cosφ, sin θ sinφ, cos θ). (11)
We have
‖EQM‖
2 =
∫
Ω
(
3∑
i=1
Tic
i
)2
= 4pi/3
3∑
i=1
T 2i ≤ 4pi/3, (12)
where we use the orthogonality relation
∫
Ω cαk c
β
k = (4pi/3)δα,β.
∑3
i=1 T
2
i is
bounded as
∑3
i=1 T
2
i ≤ 1 if we assign the truth value “1” for a proposition of
the quantum theory [The Bloch sphere exists.]. The reason of the condition
(12) is the Bloch sphere
3∑
i=1
(Tr[ψx(i) · σ])2 ≤ 1. (13)
We derive a proposition concerning the quantum theory while assigning the
truth value “1” for the quantum proposition [The Bloch sphere exists.] (in
a spin-1/2 system). The proposition is ‖EQM‖
2 ≤ 4pi/3. This inequality is
saturated iff ψ is a pure spin-1/2 state. We derive the following proposition
concerning the quantum theory while assigning the truth value “1” for the
quantum proposition [The Bloch sphere exists.]
‖EQM‖
2
max = 4pi/3. (14)
6The symbol “‖EQM‖
2
max” is the maximal value of ‖EQM‖
2.
We assign the truth value “1” for Proposition BSF, Proposition HV, and
Proposition D, simultaneously. Then, the quantum expectation value given
in (9) is
EkQM =
∫
ω∈Ω
µψ(dω)fnk(ω). (15)
The possible values of fnk(ω) are ±1 (in h¯/2 unit) almost everywhere with
respect to µψ in Ω if we assign the truth value “1” for Proposition BSF,
Proposition HV, and Proposition D, simultaneously.
We derive a necessary condition for the quantum expectation value given
in (15). Again, we derive the possible values of the scalar product ‖EQM‖
2
of the quantum expectation value. The quantum expectation value is EkQM
given in (15). We have
‖EQM‖
2 =
∫
Ω
(∫
ω∈Ω
µψ(dω)fnk(ω)×
∫
ω′∈Ω
µψ(dω
′)fnk(ω
′)
)
=
∫
Ω
(∫
ω∈Ω
µψ(dω)
∫
ω′∈Ω
µψ(dω
′)fnk(ω)fnk(ω
′)
)
≤
∫
Ω
(∫
ω∈Ω
µψ(dω)
∫
ω′∈Ω
µψ(dω
′) |fnk(ω)fnk(ω
′)|
)
=
∫
Ω
(∫
ω∈Ω
µψ(dω)
∫
ω′∈Ω
µψ(dω
′)
)
= 4pi. (16)
The above inequality (16) is saturated since
{ω|ω ∈ Ω ∧ fnk(ω) = 1, (µψ − a.e.)}
= {ω′|ω′ ∈ Ω ∧ fnk(ω
′) = 1, (µψ − a.e.)},
{ω|ω ∈ Ω ∧ fnk(ω) = −1, (µψ − a.e.)}
= {ω′|ω′ ∈ Ω ∧ fnk(ω
′) = −1, (µψ − a.e.)}. (17)
Hence we derive the following proposition if we assign the truth value “1”
for Proposition BSF, Proposition HV, and Proposition D, simultaneously
‖EQM‖
2
max = 4pi. (18)
We do not assign the truth value “1” for two propositions (14) and (18),
simultaneously, when the system is in a pure spin-1/2 state. We are in the
contradiction when the system is in a pure spin-1/2 state.
We do not accept the following four propositions, simultaneously, when
the system is in a pure spin-1/2 state:
1. Proposition BSF
2. Proposition HV
3. Proposition D
4. The Bloch sphere exists.
7Suppose that the quantum theory is a set of propositions. Suppose that
all quantum propositions are true. We have to give up either Proposition
HV or Proposition D if we assign the truth value “1” for both Proposition
BSF and [The Bloch sphere exists.]. We have to give up a hidden-variable
interpretation of the two-dimensional Hilbert space formalism of the quantum
theory.
It is that ‖EQM‖
2
max = 4pi/3 if we assign the truth value “1” for [The
Bloch sphere exists.] when the system is in a pure spin-1/2 state. However,
accepting Proposition BSF, Proposition HV, and Proposition D, the exis-
tence of a classical probability space of the results of von Neumann’s projec-
tive measurements assigns the truth value “1” for the different proposition
‖EQM‖
2
max = 4pi. We are in the contradiction when the system is in a pure
spin-1/2 state. We have to give up, at least, one of propositions, Proposition
BSF, Proposition HV, Proposition D, [The Bloch sphere exists.], and ψ is a
spin-1/2 pure state.
4 Conclusions
In conclusion, we have presented alternative and ultimate version of no-
hidden-variables theorem. The existence of a classical probability space for
the results of von Neumann’s projective measurement has not coexisted with
the existence of the Bloch sphere. There has not been a classical probability
space for projective measurement outcome. Our result has been obtained in
a quantum system which is in a pure spin-1/2 state in the two-dimensional
space. The quantum theory has not accepted a hidden-variable interpretation
in the two-dimensional space.
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